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Introduction
Let r ≥ 2 and consider an r-uniform hypergraph H. The multicolor Ramsey number r k (H) is the minimum n such that every k-coloring of [n] r contains a monochromatic copy of H. The problem of determining the asymptotics of r k (H) is wide open even for some simple H. Consider, for example, the graph triangle K 3 . It is known that r k (K 3 ) is at least exponential in k and that the limit as k tends to infinity of r k (K 3 ) 1/k exists. However, the value of this limit remains an open problem; indeed, it is an old $250 problem of Erdős to determine this limit and a $100 problem to just determine whether or not this is finite [4] .
In this work we consider r k (H) where H is a 3-edge, 3-uniform path. There are three such hypergraphs: The loose path L = {abc, cde, ef g}, the tight path T = {abc, bcd, cde}, and the messy path M = {abc, bcd, def }. The tight path was studied in [2] , where it is shown that 2k(1 − o(1)) ≤ r k (T ) ≤ 2k + 3. The tight path is somewhat different from L and M as the tight path has a transversal vertex, i.e. a vertex contained in every edge. Thus, the problem of determining r k (T ) is related to the problem of determining the multicolor Ramsey number of the graph path with 4 vertices, P 4 . It is known that 2k ≤ r k (P 4 ) ≤ 2k + 2 [12] . For further results on the multicolor Ramsey numbers of longer graph paths, see [24, 5, 16] .
The best known lower bounds on r k (L) and r k (M) are r k (L) ≥ k + 6 and r k (M) ≥ k + 5.
The constructions that provide these lower bounds have a common structure. Let n be one less than the bound we are establishing (so n = k + 5 for the loose path and k = n + 4 for the messy path). We begin by ordering the vertex set V = {v 1 , v 2 , . . . , v n }. A triple v x v y v z with x < y < z and x < k is assigned color x. The remaining triples are assigned color k. The first k − 1 colors give stars and therefore do not contain copies of either path. The final color is assigned to a complete subhypergraph, but the number of vertices is one fewer than the number of vertices in the path in question. It is believed that these lower bounds give the actual multicolor Ramsey numbers for these hypergraphs [22, 17, 19] .
In this work, we provide improvements on the upper bounds on these multicolor Ramsey numbers. The previous best known result for the loose path was r k (L) < 1.975k + 7 √ k, which was established by Łuczak and Polcyn [19] . We are not aware of any discussion of the multicolor Ramsey number of the messy path in literature. Our main results are as follows: + ε k ≈ (1.596 + ε)k.
The proofs of these Theorems are similar, and each has two parts. Let H be L or M. The first part of the proof is a structural characterization of H-free hypergraphs; in particular, we show that an appropriately chosen core of an H-free hypergraph has a very well organized structure. (Such a characterization was also provided by Łuczak and Polcyn for the loose path [18] ). In the second part of the proof we consider a k-coloring of
which does not contain a monochromatic copy of H. Based on the structural characterization, we introduce a digraph on vertex set [n] in each color. We then proceed to analyze the structure of this colored collection of digraphs to produce the bound on the Ramsey number.
Theorem 3. If α is directed triangle sufficient, ε > 0 and k is sufficiently large then
Note that if the special case of the Caccetta-Häggkvist holds then 1/3 is directed triangle sufficient and we would achieve the bound r k (L) < (3/2 + ε)n.
The organization of this paper is as follows. In the rest of this section we introduce definitions and notation for hypergraphs and graphs. In Section 2, we study the loose path, establishing a characterization of loose path-free hypergraphs which we then use to prove Theorem 3. In Section 3, we study the messy path, establishing a characterization of messy path-free hypergraphs, and proving Theorem 2. Section 4 gives the exact extremal number for the messy path, a result that may be of independent interest.
Definitions and notation
We adopt the convention of identifying a hypergraph H with the edge set of H. We let V = V (H) denote the vertex set of a hypergraph H. All hypergraphs considered in this work are r-uniform.
A hypergraph H on vertex set V is r-uniform if H ⊆ V r where V r denotes all subsets of V of size r. For convenience, we may denote an edge {v 1 , . . . , v r } ∈ H by v 1 v 2 . . . v r .
The multicolor Ramsey number for a hypergraph is closely linked to its extremal number. We define ex (r) (n, H), the extremal number of H, to be the maximum number of edges in any H-free r-uniform hypergraph on n vertices. Analogously, we define Ex (r) (n, H) to be the extremal family of H. This is the set of H-free r-uniform hypergraphs on n vertices and ex (r) (n, H) edges. When r is clear from context, we will simply write ex(n, H) and Ex(n, H) respectively.
In our analysis, we will often use the following concepts. We define the trace (sometimes known as a link) of some vertex or set of vertices as
The degree of a vertex or set of vertices is then simply deg(x 1 , . . . , x k ) := |T r(x 1 , . . . , x k )|. For a 3-uniform hypergraph, we will often refer to deg(x, y) as the codegree of the pair x, y. We define the m-core of a hypergraph to be the subhypergraph formed by iteratively removing vertices of degree less than m until every vertex has degree at least m (or the hypergraph is empty).
We also define notation for subhypergraphs. For a hypergraph H and U ⊆ V (H), we will denote the subhypergraph induced by U by H[U ] := {e ∈ H : e ⊆ U }. Similarly, for u ∈ U , letting
We extend the definition and notation for induced subhypergraphs to graphs and digraphs in the natural way.
If G is a graph then the matching number of G, denoted ν(G), is the maximum number of edges in a matching in G. Furthermore, the vertex cover number of G, denoted τ (G), is the minimum number of vertices in a vertex cover of G, i.e. a set of vertices which intersects every edge.
In the following, unless stated otherwise, all hypergraphs will be 3-uniform hypergraphs.
Loose Path
The loose path has been studied extensively: a series of papers examines the extremal number, variations of the extremal number, small cases of the multicolor Ramsey number, and asymptotics of the multicolor Ramsey number. The unique extremal L-free hypergraph is the complete star when n is at least 8 [15] . This implies k + 6 ≤ r k (L) ≤ 3k for k ≥ 3 [13, 15] . It is known that r k (L) = k + 6 for k ≤ 10 [10, 13, 14, 23, 22] . The previous best known asymptotic upper bound is:
Theorem (Łuczak, Polcyn [19] ). r k (L) ≤ λk + 7 √ k where λ ≈ 1.975 is a solution to the equation
This improves on previous asymptotic bounds of 2k + √ 18k + 1 + 2 [17] and 2k [25] . This theorem is proven by first giving a characterization of loose path-free hypergraphs [18] and then defining a graph where edges are pairs of vertices with codegree at least 2. They then consider any loose-path free k-coloring of and use properties of the characterization and the graphs induced by each color to find an upper bound on n. We use a similar approach in this section, arriving at a better bound by encoding more information in a digraph for each color class.
Loose Path-Free Hypergraph Characterization
We provide a self-contained proof of a characterization of loose path-free hypergraphs.
Theorem 2.1. If H is a loose path-free hypergraph and H ′ is the 22-core of H then H ′ has the following structure. The vertex set V (H ′ ) is partitioned into 3 sets X, Y, Z; the set X is partitioned into sets of size 2; and the set Z is partitioned into sets (A v : v ∈ Y ). All triples e of the hypergraph H ′ have one of the following two forms.
• e ∩ X is one of the pairs in the partition of X and |e When we apply this Theorem in the following subsection, we will make use of the following definitions. Definition 2.2. Each pair in the partition of X is called a locked pair. Definition 2.3. Let H be an L-free hypergraph and let H ′ be the 22-core of H. We call the triples in H \ H ′ stray triples (or removed triples).
The remainder of this subsection is a proof of Theorem 2.1. Throughout the proof we let H be a loose path-free hypergraph and H ′ be the 22-core of H. Definition 2.4. The 'forbidden configuration' is a vertex v, a pair of disjoint edges e, e ′ in T r(v), and a triple abc ∈ H that intersects exactly one of e, e ′ in exactly one vertex and does not contain v. Note that if the forbidden configuration appears then H contains a copy of L.
Lemma 2.5. The matching number ν(T r H ′ (v)) = 2, 3 for all vertices v ∈ V (H ′ ).
Proof. Let v be a fixed vertex and assume for the sake of contradiction that the matching number of the trace of v in H ′ is 2 or 3. Let M be a maximal matching in T r H ′ (v) and let M be the union of the edges in M . As the vertex set M contains at most 15 edges, there is an edge e of T r H ′ (v) that is not contained in M. As M is a maximal matching, e intersects M in one vertex. Let u be the vertex in e that is not in M. As any edge of T r H ′ (v) that contains u must also intersect M, there are at most 6 such edges (this count includes e itself). As u is in at least 22 edges in H ′ , there is a triple uyz ∈ H ′ such that at least one of y and z is not in M and neither of y or z is v. Consider such a triple uyz ∈ H ′ . The forbidden configuration appears among two edges of M ∪ {e} and uyz.
We are now ready to identify the first part of the structure defined in Theorem 2.1. We define Y to be the set of vertices y such that the matching number of T r H ′ (y) is at least 4.
Lemma 2.6. For any vertex y ∈ Y , if a triple abc ∈ H ′ intersects an edge e of T r H ′ (y) then either e ⊂ abc or y ∈ abc.
Proof. Suppose y / ∈ abc and |e ∩ abc| = 1. Then the forbidden configuration appears among the edge e, an edge disjoint from e (found in a maximal matching), and the triple abc.
Lemma 2.7. For any vertex y ∈ Y , every connected component of T r H ′ (y) has either at most 2 vertices or at least 23 vertices.
Proof. Consider a connected component with at least 3 vertices. Let u be a vertex of this component of maximum degree. The triples of H ′ that contain u either contain y and therefore correspond to edges of T r H ′ (y) or contain all of the neighbors of u in T r H ′ (y) (by Lemma 2.6). The latter condition cannot be satisfied if the degree of u in T r H ′ (y) is greater than 2. On the other hand, if the degree of u is 2 then we have at most 3 triples of H ′ that contain u, which is a contradiction. We conclude that the degree of u in T r H ′ (y) is at least 22 and there are at least 23 vertices in the component.
We say that for a vertex y ∈ Y , a connected component of T r H ′ (y) is large if it has at least 23 vertices.
Lemma 2.8. Let y ∈ Y . If C is the vertex set of a large component in T r H ′ (y) and abc ∈ H ′ such that abc ∩ C = ∅ then y ∈ abc.
Proof. This follows by noting that at least one of the vertices in abc must be incident to an edge in C which is not contained in abc and then applying Lemma 2.6.
We are now ready to identify the other parts of the vertex partition set forth in Theorem 2.1. For each vertex y ∈ Y , let A y be the union of the vertex sets of the large components of T r H ′ (y). Set Z := y∈Y A y . Note that it follows from Lemma 2.8 that the trace of every vertex z ∈ Z is a star centered at some vertex of Y . Thus, the sets Y and Z are disjoint. Set
Note that we have our partition X, Y, Z and the partition of Z into (A v : v ∈ Y ). We now look to partition X. Let x ∈ X. It follows from Lemma 2.5 and the definition of Y that T r H ′ (x) is a star with at least 22 edges. Let x ′ be the center of this star. Note that x ′ / ∈ Y : if x ′ ∈ Y then x itself would be in a large component of A x ′ and so x would be in Z. Furthermore, x ′ / ∈ Z as this would imply that there are 22 triples that contain x, x ′ and some fixed element of Y . It follows that x ′ ∈ X. We conclude that X can be partitioned into a collection of pairs xx ′ with the property that every triple of H ′ that contains one vertex in such a pair also contains the other vertex in the pair. Finally, note that the third vertex in such a triple must be in the set Y . Thus, triples intersecting X are as stated.
Triples intersecting Z are also as stated by Lemma 2.8 and definition of Z, A v . It remains to show that there are no triples contained among the vertices of Y . Assume for the sake of contradiction that y 1 y 2 y 3 ∈ H ′ where y 1 , y 2 , y 3 ∈ Y . Since the matching number of T r HH ′ (y 1 ) is at least 4, there is y 1 ab ∈ H ′ such that {a, b} ∩ {y 2 , y 3 } = ∅. Note that since y 1 , y 3 ∈ Z, the component of T r H ′ (y 2 ) containing y 1 y 3 consists of just this edge. Since the matching numbers of T r HH ′ (y 2 ) is at least 4, there is an edge y 2 cd ∈ H ′ not containing a, b, y 1 , or y 3 . Then y 1 y 2 y 3 , y 1 ab, y 2 cd forms a loose path, which is a contradiction. Thus, the only triples which appear are as stated, and the proof of Theorem 2.1 is complete.
Multicolor Ramsey number for the loose path: Proof of Theorem 3
In this Section we prove Theorem 3. The proof relies on two results from graph theory: the best known result for a special case of the Caccetta-Häggkvist Conjecture and the Removal Lemma for directed triangles. We recall the following for reference. Definition 2.9. We say that a constant α ∈ [1/3, 2/5) is directed triangle sufficient if every oriented graph D with minimum in-degree at least α|V (D)| has a directed cycle of length 3. Theorem 2.10 (Alon, Shapira [1] , Digraph Removal). For every fixed δ, h, there is a positive constant c(h, δ) with the following property. Let H be any fixed digraph of size h, and let G be any digraph of large enough size n such that upon removing at most δn 2 arcs from G, the digraph still contains a copy of H. Then, G contains at least c(h, δ)n h copies of H.
Let α be directed triangle sufficient and let ε > 0 be a small constant. Suppose
and consider a loose path-free k-coloring of
3 . Let C be the set of colors. For each color c ∈ C, let H c be the collection of triples colored with color c. We apply Theorem 2.1. For each H c , we let H ′ c be the 22-core of H c and we let X c , Y c , Z c be the partition of the vertex set given by Theorem 2.1. Furthermore, for each vertex v in the set Y c let A v,c be the set A v given by Theorem 2.1. We define a colored multidigraph M on the vertex set V = [n] as follows. The directed arc (u, v) appears in the multidigraph with color c if u ∈ A v,c , i.e. u points to v if u is contained in the body of a star centered at v. For a specific color, we denote this arc by (u, v, c). We will also include both (u, v, c), (v, u, c) in the multidigraph if u, v is a locked pair in color c (recall Definition 2.2). Our main focus in the proof will be on the pairs of vertices that have arcs of M going in only one direction; this will be most pairs.
We define the in and out-degrees of the colored multi-digraph M as follows:
Note that m + (v) ≤ k as v can only be in the body of a star or in a locked pair in color c once.
Lemma 2.11. At most O(k) pairs of vertices {u, v} have the property that neither (u, v) nor (v, u) appears as an arc in any color in M .
Proof. Note that if neither (u, v, c) nor (v, u, c) appears then at most one triple containing {u, v} appears in H ′ c . So, if neither (u, v) nor (u, v) appears in any color then at least n − k − 2 triples containing u and v are stray triples. As there are at most 21nk stray triples, we see that the number of pairs {u, v} that span no arc of M is at most
We will refer to pairs {u, v} such that neither (u, v) nor (v, u) appears in M as uncovered pairs.
We define an oriented graph D on [n] as follows
the out-degrees in M are at most k and there are O(k) uncovered pairs while the remaining arcs at a vertex are then in-arcs in D.
We now apply Directed Triangle Removal. Set
and consider any digraph D ′ formed by deleting δn 2 arcs of D. We claim that D ′ has a directed triangle. Let X be the set of vertices x such that the number of arcs directed into x that are deleted plus the number of uncovered pairs of M incident with x is at least εn/4. We claim that |X| < εn/4. Indeed, if this bound does not hold then the number of deleted arcs plus the number of uncovered pairs of M is at least (ε 2 /16)n 2 , which cannot be the case for k sufficiently large by Lemma 2.11. Now consider the induced digraph
In-degrees in this digraph are at least n−k −1−εn/4−εn/4 as within [n]\X, we have max outdegree k in M and at most εn/4 uncovered pairs and deleted in-arcs at a vertex. Thus the minimum in-degree in this induced sub-digraph is at least
where we use α < 2/5 in the last inequality. Now, since α is directed triangle sufficient, we conclude that
Directed Triangle Removal implies that D contains Ω(n 3 ) directed triangles. Consider such a triangle xyz and the color c such that xyz ∈ H c . No pair among xyz can be a locked pair for this color as we have arcs in only one direction. Furthermore the triple xyz cannot be contained in one of the stars in H c as this would require a vertex of in-degree two in the color c digraph induced on xyz.
We conclude that xyz is a stray triple in color c. But there are only at most 21nk stray triples, and if k is sufficiently large, we can find some directed triangle which is not covered by a stray triple and thus is uncolored in our coloring.
Remark 2.12. Applying that α = .35312 is directed triangle sufficient [11] , we have that r k (L) ≤ 1.546k for k sufficiently large.
Messy Path
The messy path is the hypergraph M = {abc, bcd, def }. Extremal results for collections of hypergraphs containing M are studied in [8] , where the messy path is P 3 (1, 2) or P 3 (2, 1), and in [9] , where the messy path is a (2, 1)-cluster. In [9] , it is shown that for sufficiently large n, ex(n, M) = n−1 2 with the unique extremal hypergraph being a complete star. In Section 4 we find the extremal number for all n. This bound on the extremal number implies
This Section is dedicated to the proof of Theorem 2. The outline of the proof is the same as the for the loose path. We begin with a structural characterization of M-free hypergraphs. We then use this characterization to define a colored multidigraph associated with a M-free k-coloring of
and proceed to establish our upper bound on r k (M).
Messy Path-Free Hypergraph Characterization
We begin with our characterization of messy path-free hypergraphs. Note that, like our characterization of L-free hypergraphs, this characterization features disjoint stars. However, the rest of the characterization is less well-behaved and hence more challenging in the application that follows.
Theorem 3.1. If H is a messy path-free hypergraph and H ′ is the 13-core of H, then H ′ has the following structure. The vertex set V (H ′ ) is partitioned into 3 sets X, Y, Z; the set Z is partitioned into sets (A v : v ∈ Y ). All triples e of the hypergraph H ′ have one of the following two forms.
• In the application of Theorem 3.1 we make use of the following definition.
Definition 3.2. If H is an M-free hypergraph and H ′ is the 13-core of H then the triples in H \ H ′ will be called stray triples (or removed triples).
The remainder of this subsection is a proof of Theorem 3.1. Throughout the proof, we let H be an M-free hypergraph and H ′ be the 13-core of H. Recall that F (a, 2) refers to the 3-uniform hypergraph with vertex set {x 1 , . . . , x a , y 1 , y 2 } and edge set {x i y 1 y 2 : i ∈ [a]}. We refer to the vertices x 1 , . . . , x a as petals of the F (a, 2) and y 1 , y 2 as the center.
Remark 3.3. If T r(v) contains disjoint edges ab, cd and there is triple abx ∈ H where x = v, c, d, then H would contain a messy path. Furthermore, If T r(v) contains a two edge path ab, bc and there is a triple axy ∈ H where x, y = v, b, c, then H contains a messy path. We will refer these two structures as forbidden configurations.
Lemma 3.4. The vertex cover number τ (T r H ′ (v)) = 2, 3 for all vertices v ∈ V (H ′ ).
Proof. Let v be a fixed vertex. Assume for the sake of contradiction that the vertex cover number of the trace of v in H ′ is 2 or 3. Let U be a minimal vertex cover in T r H ′ (v). Note that at least one of these vertices has degree at least 5, say u. Let x ∈ U with x = u. Note that by definition, there exists an edge xy where y = u. Then u has at least three neighbors a, b, c which are not x or y. Consider a triple af g containing a.
• u, v / ∈ af g implies that a forbidden configuration appears (consider a path in T r H ′ (v) centered at u).
• v ∈ af g and u ∈ af g and {x, y} ∩ {f, g} = ∅ implies that a forbidden configuration appears.
These two observations imply that a is in at most 5 triples in H ′ , which is a contradiction.
We can now start to identify the parts in the vertex partition set forth in Theorem 3.1. Let Z be the set of vertices whose traces in H ′ have vertex cover number 1.
Lemma 3.5. If z ∈ Z and y is the center of the star in T r H ′ (z) , then τ (T r H ′ (y)) ≥ 4. Furthermore, if u is any leaf of the star in T r H ′ (z), then τ (T r H ′ (u)) = 1.
Proof. Assume for the sake of contradiction that τ (T r H ′ (y)) = 1. Then, y, z form the center of a F (13, 2) in H ′ . Note that any petal has of this F (13, 2) has degree 1 or else there is a messy path, a contradiction.
Assume for the sake of contradiction that some leaf u has τ (T r H ′ (u)) ≥ 4. Then, we can find an edge in T r H ′ (u) not containing z or y. This edge and a path of length 3 in T r H ′ (z) forms a messy path, a contradiction.
We now let Y be the set of vertices y for which there is z ∈ Z such that y is the center of the star in T r H ′ (z). For y ∈ Y , let A y be the set of z ∈ Z for which y is the center of the star in T r H ′ (z). Proof. Assume for the sake of contradiction there is a kite, i.e. there is wxy, xyz ∈ H ′ [X ∪ Y ]. Then, note that T r H ′ (w) has vertex cover number at least 4. Thus, there exists an edge in T r H ′ (w) not containing x, y, z. This edge and the kite then form a messy path.
As all triples in X ∪ Y have the desired property, it remains to show that the triples that intersect Z have the desired property. First note that by definition of Y and Lemma 3.5, no triple that intetsects Z also intersects X. By Lemma 3.5 again, every triple that intersects Z has two vertices in Z and one vertex in Y . Suppose yzz ′ ∈ H ′ , where y ∈ Y and z, z ′ ∈ Z, it suffices to show that z, z ′ ∈ A y . But this follows immediately from Lemma 3.5 as each vertex in Z has exactly one vertex in Y in its trace. This then gives the desired result.
Multicolor Ramsey number for the Messy Path: Proof of Theorem 2
The proof of Theorem 2 uses a digraph structure analogous to the structure introduced in the proof of Theorem 3. However, here it is not sufficient to simply find a cubic number of directed triangles. The reason is that we could have a cubic number of triples in the 'Steiner part' of the color classes that could account for these triples. We instead take advantage of the fact that if a vertex is in the 'Steiner part' of some color then it has no out-arc in that color.
where 0 < ε ′ < .1 and we let ε := (ε ′ ) 2 /4. Consider a messy path-free k-coloring of
3 . Let C be the set of colors. For each color c ∈ C, let H c be the collection of triples colored with color c. We apply Theorem 3.1. For each H c , we let H ′ c be the 13-core of H c and we let X c , Y c , Z c be the partition of the vertex set given by Theorem 3.1. Furthermore, for each vertex v in the set Y c let A v,c be the set A v given by Theorem 3.1. We define a colored multidigraph M on the vertex set V = [n] as follows. The directed arc (u, v) appears in the multidigraph with color c if u ∈ A v,c , i.e. u points to v if u is contained in the body of a star centered at v. For a specific color, we denote this arc by (u, v, c). As in the proof of Theorem 3, our main focus in the proof will be on the pairs of vertices that have arcs of M going in only one direction.
Note that as defined m + (v) ≤ k as v can only be in the body of a star in color c once.
Lemma 3.7. There are at most O(k) pairs of vertices {u, v} such that neither (u, v) nor (v, u) appears as an arc in any color in M .
Proof. Note that if neither (u, v, c) nor (v, u, c) appears then there is at most one triple in H ′ c that contains the pair {u, v}. Therefore k plus the number of stray triples containing {u, v} is at least n − 2. As such a pair {u, v} is contained in at least n − k − 2 stray triples, there are at most We need further notation to extract more refined information from the colored multidigraph M . For each vertex v let s(v) be the number of colors for which v is in the partial Steiner Triple System for the color. Then, define
Note that since v ∈ A u,c means that v is not part of a partial Steiner Triple System in H ′ c . We have
We will also want to keep track of stray triples. For u, v ∈ [n] define
2 ) ξ uv ≤ 12nk. Next, we categorize pairs of vertices.
• We say that a vertex pair {u, v} is a two-cycle pair if (u, v), (v, u) ∈ M . Let t(u) be the number of two-cycle pairs that contain u. We also let:
t(u) = number of two-cycle pairs of vertices,t = 2T n
• We say a pair {u, v} is a parallel pair if {u, v} is not a two-cycle pair and there are at least two arcs in M contained in the pair, i.e. (u, v, c) and (u, v, c ′ ) appear or (v, u, c) and (v, u, c ′ ) appear for c, c ′ distinct. Let p + (u) and p − (u) be the number of parallel pairs that are directed out of and into u, respectively. We also let:
p + (u) = number of parallel pairs of vertices,p = P n − k
• We say that a pair {u, v} is a solo pair if either (u, v, c) or (v, u, c) for some color c is the only arc on the pair. Let q + (u) and q − (u) be the number of solo arcs that are directed out of and into u respectively.
• We say that a pair {u, v} is an uncovered pair if neither (u, v) nor (v, u) appears in M .
Note that
This is since at least n 2 −O(k) pairs of vertices are covered with at least one arc, and each two-cycle pairs and parallel pair requires at least one of the additional arcs. Also note thatt is the average vertex degree in the graph given by the two-cycle pairs.
Finally, we define an oriented graph D on [n] and the one-way out-neighborhood and in-neighborhood N + (v), N − (v) (and out-degree and in-degree) for a vertex v ∈ [n] as follows
Note that D consists of arcs corresponding to solo pairs and parallel pairs. In particular, by noting that at some vertex v ∈ [n], for any other vertex u ∈ [n], either u exclusively points to v (d − (v)), v points to u (m + (v)), or {u, v} is uncovered (and thereby involves Ω(k) stray triples):
With all of this notation in hand, we are now ready to state two key Lemmas.
Lemma 3.8. If ε > 0 and k is sufficiently large, then a messy path-free k-coloring of
as every pair of vertices is either a solo pair, a parallel pair, a two-cycle pair, or an uncovered pair.
2 |D| and so
Let v be vertex such that maximizes
εk . Note that we may assume d − (v) > εk as otherwise we have
and the desired bound follows. Now note that, by Lemma 3.7, we have
Consider a vertex u ∈ N − (v) that maximizes |{w ∈ N − (v) : (u, w) ∈ M }| − ξ uv . Note that for every vertex x ∈ N + (v), the triple uvx can be colored in one of three ways: if u, v are both oriented to x in the same color, u, v, x are contained in a partial Steiner Triple System, or uvx is one of the stray triples. But since k ≥ s(u) + m + (u), we have
so rearranging and letting k be sufficiently large, n ≤ 4k 3 +t + εk Lemma 3.9. If 0 < ε < .01 and k then a messy path-free k-coloring of
Proof. We say that a vertex v is light if max c∈C m − c (v) ≤ n/2. Note that since each color contributes at most one vertex which is not light, there are at least n − k light vertices. Let L be the collection of light vertices. By (2), we have
εk . Observe that, appealing to (1), we havê
Assuming that n ≥ 1.59k, we have that
and so q − (v) − s(v) is linear in size.
Let X be the set of vertices u such that (u, v) is a solo arc in M . Note that |X| = q − (v). We now consider cases based on the colors on the solo arcs directed from X into v. For each color c let X c be the set of vertices x ∈ X such that xv is colored c.
Case 1. Some c has εk < |X c |.
Let w ∈ X c such that ξ wv ≤ 2ξ v /(εk). Consider the triples of the form wvz where z ∈ X \ X c . As w and z point to v with solo arcs of different colors, such a triple must be covered by stray triples or a triple in a partial Steiner Triple System. Thus,
(Note that if X = X c , then the above inequality just states s(v) + 2ξ v /(εk) ≥ 0.) Therefore,
Consider a vertex u ∈ X c that maximizes |{w ∈ X c : (u, w) ∈ M }|− ξ uv . Let Y be the set of vertices w such that (w, v, c) ∈ M . Note that for every vertex y ∈ Y , the triple uvy can be colored in one of three ways: if u, v are both oriented to y in the same color, uvy is contained in a partial Steiner Triple System, or uvy is one of the stray triples. But since k ≥ s(u) + m + (u), we have
Rearranging and letting k be sufficiently large, we have n ≤ 3k 2 +p 2 + εk, as desired.
Case 2. Every color appears on at most εk solo arcs from X into v.
Consider the triples containing v and two vertices in X. The solo arcs partition X so that the ℓ colors contribute at most
2 triples where x i is the number of vertices with solo arcs in the i th color. Noting that x i ≤ εk and
Furthermore, the number of triples in the partial Steiner Triple Systems that contain v and two vertices from X is at most s(v)
since each Steiner Triple System contributes a matching in the trace of v. The only other triples containing v are the ξ v stray triples containing v. Then, we have that
This contradicts the observation that q − (v) − s(v) is at least linear in k as shown in (3).
We are now ready to complete the proof, applying (1) and Lemmas 3.8 and 3.9 to derive an upper bound on n. We first observe that (1) implieŝ
Given this linear relationship, we see that for a given value of k we achieve the best upper bound when the bounds given in the Lemmas are equal. So, we set
Applying this to (1), we arrive at
In order for the bounds on n to hold, we require
Now let η = n/k. Dividing this inequality by k, we have
where S
n−1 is a complete star on n vertices which has all triples containing a fixed vertex.
Proof. For n ≤ 5, since a messy path has 6 vertices, [n] 3 is the unique extremal hypergraph. For n = 6, note that if there is a pair of disjoint triples, then any other edge would create a messy path, so this is intersecting, and the Erdős-Ko-Rado bound [6] gives the desired result.
For n ≥ 7, we proceed by induction. For the base case of n = 7, it suffices to show that the family is intersecting-then, by the Erdős-Ko-Rado bound, there are at most 6 2 triples. Otherwise, consider if there are two disjoint triples e, f . Note that any other triple contained in their union would create a messy path. Thus, all other triples must contain the last vertex. Note that if this vertex is incident with an triple intersecting e in two vertices and another triple intersecting f in two vertices, then this would also create a messy path. Thus, there are no triples contained among this vertex and for instance, f . This implies that there are at most 6 2 − 3 + 2 triples. Note that in this case, the star is the unique extremal family by Erdős-Ko-Rado.
For n ≥ 8, as in [21] , we assume that we have messy path-free family E on vertex set V with at least n−1 2 triples. Note then that if some vertex has degree at most n − 2 = n−2 1 , then the remaining n − 1 vertices are messy path-free with at least n−2 2 triples, so by the inductive hypothesis, this is actually exactly n−2 2 triples in a complete star. Note that if any triple from the removed vertex does not intersect with the star center, taking an triple in the star which contains the other 2 vertices in the triple containing the removed vertex, and a triple which contains star center and two other vertices (exists since n ≥ 6), we have a messy path. Thus, the extremal family would be a complete star having exactly n−1 2 triples.
It then suffices to show that some vertex has degree at most n − 2. First note that there exists two vertices u, v of codegree at least 3 since:
deg(x, y) = (average codegree) · n 2
and since n > 6, 3
n−2 n > 2.
We first consider the case where there exists two vertices u, v of codegree at least 4. Consider any two petals x, y of the resulting F (a, 2) with center {u, v} and assume for the sake of contradiction that both have degree at least n − 1. Note that every triple through x or y must intersect u or v or we have a messy path. Thus, each of x, y has at least n − 2 triples intersecting exactly one of u or v, of which at least n − 4 do not contain both x, y. Since n − 4 ≥ 3, we note that x must have at least 2 triples intersecting say, without loss of generality, u which do not contain v. Let these triples be uxa, uxb. Then, if y is in a triple vyc for c not u, x, taking vyc, one of uxa and uxb (as to not include c), and uvy, we would have a messy path. Thus, all triples through y must intersect u, implying that y has degree at most n − 2, a contradiction.
Otherwise all pairs of vertices have codegree at most 3. Now consider any two petals x, y of the F (3, 2) with center {u, v} and assume for the sake of contradiction that both have degree at least n − 1. Note that at most one triple through x or y can avoid u, v in this case. Thus, each of x, y has at least n − 3 triples intersecting exactly one of u or v. Then, we have that max(deg(x, u), deg(x, v)) ≥ 1 + n−3 2 where the 1 counts uvx. Then, n−1 2 ≥ 7 2 > 3, a contradiction. Thus, there must exist a vertex of degree at most n − 2 and by induction, we are done.
Conclusion
We emphasize that we spent little effort optimizing for the second order terms (i.e. ε) in Theorems 2 and 3. One reason for this is that we suspect that incremental improvements on the bounds we prove here can be achieved with a bit more effort. In other words, we suspect that our results here do not give the correct asymptotics of these multicolor Ramsey numbers. The main barrier we see to significant improvement on our upper bounds is the proliferation of 2-cycles in the digraphs introduced in Sections 2.2 and 3.2 that can occur when n is close to k. Indeed, all of the methods that we use in this work are based on pairs of vertices with arcs oriented in only one direction in these digraphs. It would be interesting to see methods that could handle these 2-cycles and thereby produce upper bounds on r k (H) that are dramatically closer to k.
There are a number of other 3-edge triple systems for which the multicolor Ramsey number is an interesting open question. These include the loose cycle C = {abc, cde, af e} and the hypergraph F 5 = {abc, abd, cde}. The best known bounds for these multicolor Ramsey numbers are as follows. For the loose cycle, k + 5 ≤ r k (C) ≤ 3k for k ≥ 3, analogous to the simple bounds for L and M [10] . For F 5 , 2 ck ≤ r k (F 5 ) ≤ k! for k ≥ 4 and c some positive constant, which resembles bounds for K
4 − e and K 3 [2] . The hypergraph G = {abc, abd, bef }, which we dub the giraffe, was addressed in the masters thesis of the second author, who showed
where the kite K = {abc, abd} has k + 1 ≤ r k (K) ≤ k + 3 [2] .
